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Inspired by the long wave-length limit of topological M-theory, which re-constructs the theory of
3+1D gravity in the self-dual variables’ formulation, we conjecture the existence of a duality between
Hilbert spaces, the H-duality, to unify topological M-theory and loop quantum gravity (LQG). By
H-duality non-trivial gravitational holonomies of the kinematical Hilbert space of LQG correspond
to space-like M-branes. The spinfoam approach captures the non-perturbative dynamics of space-
like M-branes, and can be claimed to be dual to the S-branes foam. The Hamiltonian constraint
dealt with in LQG is reinterpreted as a quantum superposition of SM-brane nucleations and decays.
M-theory and loop quantum gravity (LQG) are usually
accounted as the favored candidates to solve the problem
of quantum gravity. Nonetheless, both the frameworks
are still concerned with several technical and conceptual
issues, and the lack of any direct experimental data on
the string/Planck scale only allows to focus on the mathe-
matical self-consistency of the two frameworks. It is also
commonly retained that these theories cannot be com-
patible with one another. Reasons to prefer M-theory
to LQG are usually individuated in the unification of all
particles and interactions, and in the convergence — at
the low-energy perturbative limit — to general relativ-
ity. On the other hand, LQG has the remarkable advan-
tage to be background independent and to provide a fully
non-perturbative theory — unification models were also
proposed in LQG [1–3]. It seems therefore to be very
challenging to reconcile theories that are so much differ-
ent one another: M-theory requires supersymmetry and
higher dimensions, while in LQG the phase space vari-
ables, the so called Ashtekar variables, were originally
defined only in 4 dimensions and without need of su-
persymmetry. Nonetheless, supersymmetric and higher
dimensional reformulations of LQG have been also con-
sidered in the literature, even if their dynamics was not
deepened in detail as it happened for the standard formu-
lation of LQG. Furthermore, the history of string theory,
in which many different models were connected by dual-
ities, actually suggests that string theory and LQG may
be unified despite their profound differences. This urges
the question: can M-theory and LQG describe aspects of
the same theory, but from two different point of view?
Recently, a promising unification approach between
string theory and LQG was proposed in Refs. [4,
5], within the context of holographic AdS2/CFT and
AdS3/CFT models. In this letter, we spell some argu-
ments to propose a new possible correspondence princi-
ple between LQG and M-theory. This is a conjecture
sustained by two insightful facts. First, topological M-
theory on 7-dimensional G2 manifold has a long wave-
length description [6] in terms of 3-form Φ — this is a
result based on seminal papers by Hitchin [7, 8]. Then,
thanks to a foliation of G2 into four dimensional M sub-
manifold, we can demonstrate that Φ corresponds to the
self-dual formulation of gravity [6]. This may suggest
the following conjecture: the quantization procedure de-
ployed in LQG captures aspects of the non-perturbative
M-branes dynamics. In particular, the Hamiltonian for-
mulation of LQG may provide a description for the space-
like M-branes, i.e. the SM-branes. Second, it was no-
ticed that the holonomy of a flat connection can be non-
trivially recognized to be different than unity, if and
only if a non-trivial (space-like) line defect is localized
inside the loop. This is true while considering generic
holonomies [9], and it corresponds to a sort of Aharanov-
Bohm effect of the self-dual gravitational field. We are
tempted to suggest that this defect can be identified with
space-like strings. These objects can be indeed under-
stood as one dimensional S-branes, while these latter
completely break all supersymmetric generators, eventu-
ally allowing a non-supersymmetric spinfoam approach.
For topological M-theory in a 7D manifold M equipped
with a real three form Φ, the action is described by [7, 8]
I =
∫
M
√
h(Φ) , (1)
where
√
hhab = ΦacdΦbefΦghi
cdefghi. In other words,
the metric tensor can be completely recast in terms of a
three form field Φ. This is very much the same of what
happen in LQG, where the densitized metric is cubic in
the form field. Equivalently, the action can be rewritten
in terms of the dual 4-form field G instead of Φ.
We first fix the cohomology class of Φ, by setting Φ =
Φ0 + dβ, where β is a two form. With such “fixing”,
which individuates a class of cohomologies, the action is
invariant under gauge transformations, which are locally
parameterized by a 1-form λ, i.e. β → β′ = β + dλ. The
Hitchin action then reads
I[g,Φ] =
∫
M
[
√
g − gab
√
hhab] . (2)
Then we can focus on M = Σ×R, where Σ is 6D mani-
fold. Fixing the time coordinate, we can define the canon-
ical momenta piij = δI/δβ˙ij , where the dot is the usual
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2Figure 1: We show the seven aspects of non-perturbative M-theory. In particular, we con-
jecture that loop quantum gravity is obtained as duality among holonomies in the Hilbert
space and systems NSN1-branes in IIB-string theory, in turned related to SM2-branes from
a double reduction. and to SD2-branes from a S-duality transformation. We dub this new
duality H-duality.
in 4 dimension and without supersymmetry. On the other hand, supersymmetric and
higher dimensional reformulation of LQG are still considered in literature, even if their
dynamics are not studied as well as old conservative LQG.
In this paper, we consider a possible correspondence principle between LQG and
M-theory. Such a conjecture is sustained by two insightful facts. First, topological
M-theory in 7-dimensional G2 manifold has a low wave-lenght description in terms of
3-form   [2] – based on seminal papers of Hitchin [3, 4]. This allows to demonstrate
that   in a G2 foliation into the four dimensional M submanifold corresponds to the
self-dual formulation of gravity [2]. This may suggest the following conjecture: the
loop quantum gravity quantization catches aspects of the non-perturbative M-branes
dynamics. In particular, the Hamiltonian formulation of loop quantum gravity may
provide a description the Space-like M-branes or SM-branes.
Second, it was noticed that holonomy can be non-trivially di↵erent from zero if
and only if a non-trivial space-like line defect localized inside the loop! This is true
for a generic holonomy [1]. This is a sort of Aharanov-Bohm e↵ect of the self-dual
2
FIG. 1: We show the seven epiphenomena of n n-perturbative
M-th ory. In particular, we conjecture that LQG is recovered
from the duality among holonomies in the Hilbert space of
LQG and space-like fundamental strings in IIB-string theory,
related to SM2-branes by a double reduction. We dub this
new duality H-duali y (writt n in gr en and located between
IIB-type and LQG). Other duality transformations hitherto
discovered are also represented in red.
derivative on R coordinates. The primary constraints
are generated by pi0i = δI/δβ˙0i = 0, while the Poisson
algebra is
{βij(x), pikl(y)} = δklij δ6(x, y).
The Hamiltonian constraints can be written as — see
e.g. Ref. [10] — H = K−cV, where c is an dimensionless
constant, and V = κ˜ji κ˜
i
j , with κ˜
j
i = ΦiklΦmno
klmnoj , and
K = piijpiklpimnijklmn.
Consequently, smearing against a test function N , the
scalar constraint becomes
H(N) =
∫
Σ
N (piijpiklpimnijklmn − aκ˜ji κ˜ij) , (3)
which closes the Poisson algebra
{H(N),H(M)} =
∫
Σ
Djω
j
NM , (4)
where ωjNM = 18a(N∂iM −M∂iN)piikκ˜jk and a stands
for a numerical factor, fixed to 1/4.
There are several examples of gravity forms theories in
lower than 7 dimensions that can be still connected to
topological M-theory, through dimensional reduction of
the latter. For instance, in topological M-theory on a G2
manifold [6], a metric theory can be either reconstructed
from the 3-forms Φ or dually from 4-forms G = ?Φ. Thus
the metric is not a fundamental field of this theory, since
it can be reconstructed from the Φ-field. The Einstein-
Hilbert action with cosmological constant, which reads
SGR =
∫
M3
√−g (E − 2Λ), is a topological theory, when
cast in 3 dimensions. As a matter of facts, the Einstein-
Hilbert action rewrites in the first-order formalism as
S =
∫
M3
Tr
(
e ∧ F + Λ
3
e ∧ e ∧ e
)
, (5)
with F (A) = dA + A ∧ A the 2-form field-strength of
an SU(2) gauge connection A and e the 1-form on M
valued in SU(2). The metric is related to vielbiens eia by
gab = −1/2Tr(eaeb). The action (5) can reformulated as
a Chern-Simons gauge theory.
The action of the 4D self-dual sector of LQG reads
S =
∫
M4
Σk ∧ Fk − Λ
24
Σk ∧ Σk + ΨijΣi ∧ Σj , (6)
where Ak is an SU(2) gauge field with F k = dAk +
eijkAi ∧ Aj and Σk is a SU(2) triplet of 2-forms fields
k = 1, 2, 3; Ψij is a scalar field on M which is a sym-
metric representation of SU(2). Varying the action with
respect to Ψij , we can derive
Σ(i ∧ Σj) − 1
3
δijΣk ∧ Σk = 0 . (7)
Such a condition implies that Σk can be re-expressed in
terms of the vierbein Σk = −ηkabea ∧ eb, where ea is the
vierbien 1-forms on M4, a = 1, ..., 4 and ηkab is the ’t
Hooft symbol ηkab = 
k
ab0 +
1
2
ijkijab . As renown, the
vierbein is in turn related to the metric by the relation
g =
∑4
a=1 e
a ⊗ ea. The two-forms Σk=1,2,3 are self-dual
with respect to the metric g, i.e. Σk = ∗Σk. One can
also rewrite the metric directly in terms of Σ, finding
√
ggab = − 1
12
Σiaa1Σ
j
ba2
Σka3a4
ijka1a2a3a4 . (8)
Local models of a complete 7-manifold X can be
obtained as a m-dimensional vector bundle on an n-
dimensional cycle M , such that m+ n = 7. Local gravi-
tational modes induce a lower-dimensional gravity on M .
The equations of motion of topological M-theory
dΦ = 0 , d?ΦΦ = 0 , (9)
lead to the equations of motion of the p-form fields on
M , in turn interpreted as topological gravity equation of
motion on M . Φ can be decomposed as a combination of
vielbein components ei. The equation dΦ = 0 is equiva-
lent to the equations of motion of 3D gravity for 3D fiber,
and yields de = −A∧e−e∧A and dA = −A∧A−Λe∧e,
which are precisely equivalent to the equations of mo-
tion of 3D Chern-Simons gravity. The latter also fulfills
d?ΦΦ = 0. The Φ-field can be rewritten as a combination
of vielbein as
Φ = Ae123 +Bei ∧ Σi , (10)
where Σ1 = α12−α34 and so on for the other components,
αi denoting a 1-form in the fiber direction, i.e. α
i =
DAy
i = dyi + (Ay)i.
3Coming back to the reduction to the 4D gravity, we
can decompose Φ as
Φ = α123 + α1 ∧ Σ1 + α2 ∧ Σ2 + α3 ∧ Σ3 . (11)
In Ref. [10], Smolin suggested a quantization scheme for
these theories, defining the holonomy of the 1-form β
and its conjugate variables respectively as H[S] = e
∫
S
β
and the momentum flux operators Π[A] =
∫
A
pi∗. The
Poisson brackets can be then recovered as
{H[S],Π[A]} = I[S,A]H[S] , (12)
where I[S,A] is the intersection number of the surfaces
S,A. This allows to define networks Γ on the two
surfaces, with their relative Hilbert states such that
〈Γ|Ψ〉 = Ψ(Γ).
The second insightful fact we have been inspired by in
stating the correspondence principle between LQG and
M-theory, is the reformulation, suggested in Ref. [9], of
states and scalar products of LQG in terms of non-trivial
holonomies enclosing defects. One can start from a 3-
manifold Σ with a network of defect-lines. A locally-
flat connection on the spatial 3-manifold can have non-
trivial holonomy, as in the electromagnetic Aharanov-
Bohm effect. Quantizing the theory, Bianchi obtained
in Ref.[9] a scalar product that is the same used in
LQG. We then consider a flat connection in Σ′ = Σ − l,
where l is a defect line, and then the holonomy encir-
cling this line. The induced metric on Σ is qab(x), which
allows to choose the Coulomb-gauge as χ = qab∂aAb.
The line is fixed along the z-axes in Euclidean metric.
Moving from the gauge fixing condition χi =∂aAia = 0,
the Ashtekar connection reads Aia = f
i/2piαa(x), in
which αa(x) =
(−y/(x2 + y2), x/(x2 + y2), 0). The as-
sociated holonomy along the loop γ is then hγ [A] =
exp
[
i
(∫
γ
αadx
a
)
f i/2piτi
]
, while the related non-
abelian magnetic field recasts Bai ≡ 12abcF ibc =∫
l
dsfix˙
a(s)δ(3)(x− x(s)). The flux of the magnetic field
through the surface S punctured by the curve γ reads
Fi[B,S] =
∫
S
Bai (X(σ))abc
∂Xb
∂σ1
∂Xc
∂σ2
dσ1dσ2 (13)
=
∫
l
ds
∫
S
dσ1dσ2fiabcx˙
a(s)
∂Xb
∂σ1
∂Xc
∂σ2
δ(3)(X(σ)−x(s)) ,
which is just equal to fi, the flux of the magnetic field
through the defect line. This is analogous to the problem
of a cylindrical solenoid in electromagnetism. The related
moduli space is {f i ∈ S3}/SU(2) = {φ ∈ [0, 2pi]}, where
Ψi depends only on the moduli φ, while is invariant under
global SU(2) rotations.
In this framework, the scalar product of states depend-
ing by the moduli space can be put in correspondence
with the LQG scalar product of holonomy states in the
Hilbert space K′. We then find
〈g|g′〉 =
∫
Af/G
D[A]Ψ¯g[A]Ψg′ [A] =
∫
N
∏
r
dmrJ∆FP g¯g
′ ,
where J denotes the Jacobian and ∆FP the Faddeev-
Popov determinant. In order to prove such equivalence,
one may compute it directly in the case of one line
defect. The Jacobian in spherical coordinates reads
J(φ) = φ2, which is associated to d2Φ = φ2dφd2vi.
The Faddeev-Popov term ∆FP is given by the deter-
minant of the operator K, which is the derivative of
the gauge fixing condition χi = 0 with respect to the
gauge parameter, namely K = −δij∆ − ijk Φk2pi αa∂a. Its
eigenvalues are λn = n
2 + nφ/2pi, where n = ±1,±2, . . .
(twice degenerate). Using the expression for the (reg-
ularized) Faddeev-Popov determinant [9], we obtain
〈g|g′〉 = 1pi
∫ 2pi
0
sin2(φ/2)g¯g′. This can be compared
to the scalar product of LQG. A natural choice in
LQG is the Haar measure on the links of the graphs,
which reads 〈η|ζ〉 = ∫
Al/G
D[A]Ψ¯Γ,η[A]Ψ¯Γ′,ζ [A]. Af-
ter few steps we can reshuffle the Haar measure as
〈η|ζ〉 = ∫
SU(2)L
∏L
l=1 dµH(hl)η¯(h1, ..., hL)ζ(h1, ..., hL),
in terms of the class of graphs Γ′ dual to the cellular
decomposition. Using the Peter-Weyl theorem with
this choice of the scalar product, the spin-network
states, with graph Γ′, provide an orthonormal basis of
the Hilbert space K′. The spin-network basis entails
cylindrical functions η(h1, ..., hL), the holonomies of
which are labeled by SU(2) representations. To every
node of the spin-network states are assigned intertwiners
that realize an invariant map onto the tensor product of
the representations. In particular, we can recognize that
ηj1jn(h1, ..., hL)=(
⊗
n vin)
(⊗
γl
D(jl)(hL)
)
, where n∈Γ′,
γl∈Γ′, in such a way that the orthonormality of the spin-
network states reads 〈ηj1in |ηj′li′n〉=(
∏
l δjlj′l )(
∏
n δinin′ ).
The states Ψγ,η[A] = η(hγ [A]) are then individuated
by a complex-valued function η on SU(2), and by the
homotopy class [γ] of loops closing one time the defect
l. The scalar product can be cast in terms of the
Haar measure on SU(2). In particular, if we define
f(φ) = η(eiφτ3), we obtain 〈η|ζ〉 = 〈g|g′〉.
We can generalize the example provided by one line
defect, to the case of a network S of curves in Σ [9]. Let
us define a locally-flat connection A(x). The holonomies
of these connections are not trivial, since they encircle
the net of defects. Let us consider, the space of lo-
cally flat connections, modulo the gauge transformations,
which we call Af/G. Now, the configuration in such a
space corresponds to a homomorphism from pi1(Σ − S)
into G, cosetting gauge transformations. This defines
the moduli space {mr}, contained in {mr} ≡ N ≡
Hom{pi1(Σ − S, G)/G}. In this generalized set-up, the
states can be put in correspondence with functions of the
4FIG. 2: The presence of the space-like fundamental string is
associated to a non-trivial holonomy of self-dual variables.
moduli ΨΓ,η[A
mr,g] = f(m1, ...,mr), where ΨΓ,η[A] =
η(hγ1 [A], ..., hγL(A)) and η is a complex function valued
in SU(2), i.e. η : SU(2)L → C. The scalar products of
LQG and the moduli functions are in correspondence by
means of 〈f |g〉 = ∫
Af/G
D[A]Ψ¯f [A]Ψg[A], which reshuf-
fles as 〈f |g〉 = ∫
N
dµ(mr)f¯(m1, ...,mR)g(m1, ...,mR).
The line defect can be interpreted as a soliton charged
in the self-dual gravitational gauge group — see Fig.2.
Since the scalar constraint was not yet solved in full gen-
erality, we consider space-like solitons not propagating in
the time direction. They can be either space-like strings
or holonomies around a circular solenoid that take a cir-
cular path orthogonal to it.
Our conjecture is that the line defects correspond
to SM-branes compactified into space-like fundamental
strings, i.e. space-like NS1-branes. Fundamental S-
strings are serious candidates to be considered in order
to instantiate this correspondence. These are charged in-
deed with respect to the Φ-field and consequently with
respect to self-dual gravitational potential Aiµ, which con-
tains the self-dual gravitational algebra structure. In par-
ticular, taking an holonomy hγ [A
i
µ] encircling the funda-
mental S-strings, the magnetic flux on a surface S punc-
tured by the curve γ is non-zero because essentially it sur-
rounds a localized magnetic field formG = ?Φ. There is a
possible issue for this correspondence’s framework: differ-
ent S-branes networks can correspond to the same spin-
networks and viceversa. In other words, the correspon-
dence can be established from classes of S-branes net-
works to classes of LQG states. Nonetheless, the classes’
correspondence is enough to guarantee that every possi-
ble S-branes system has a proper state in the kinematical
Hilbert space of LQG.
In conclusion, we conjectured the existence of a
H-duality, which may unify topological M-theory and
LQG, arguing that non-trivial gravitational holonomies
can be put in correspondence with space-like M-branes.
We grounded our proposal on the long wave-length
limit of topological M-theory, showing how this latter
re-constructs the theory of 3+1D gravity in the self-dual
variables formulation. In our considerations, we have
mainly discussed the H-duality between space-like NS1
foam and spinfoam, focusing more on the consequences
of canonical quantization’s techniques. Nonetheless it is
still rather unclear whether our arguments can be more
generically extended to ordinary M-branes, D-branes
and NS-branes. In principle, it sounds reasonable to
extend the duality and account for covariant quanti-
zation techniques. A crucial problem is to understand
how S-branes and D-branes fit in this picture. From the
perturbative string theory point of view, S-branes and
D-brane undergo long-range interactions, exchanging
closed strings. In the non-perturbative regime, this
should correspond to an exchange of dilatons, gravitons
and B-forms’s excitations, entailing an infinite number of
loops corrections. Furthermore, we should take into ac-
count also processes of brane instabilities, back-reacting
on the system. We conjecture that these interactions
are already encoded in the full non-perturbative regime
realized on the LQG side.
Acknowledgments.
We are indebted to J. Lewandowski and H. Verlinde
for enlightening discussions during Loops’17 in Warsaw,
Poland.
∗ Electronic address: andrea.addazi@lngs.infn.it
† Electronic address: marciano@fudan.edu.cn
[1] S. O. Bilson-Thompson, F. Markopoulou and L. Smolin,
Class. Quant. Grav. 24, 3975 (2007).
[2] S. Alexander, A. Marciano and R. A. Tacchi, Phys. Lett.
B 716, 330 (2012).
[3] S. Alexander, A. Marciano and L. Smolin, Phys. Rev. D
89, no. 6, 065017 (2014).
[4] G. Turiaci and H. Verlinde, arXiv:1701.00528 [hep-th].
[5] T.G. Mertens, G.J. Turiaci and H.L. Verlinde,
arXiv:1705.08408 [hep-th].
[6] R. Dijkgraaf, S. Gukov, A. Neitzke and C. Vafa, Adv.
Theor. Math. Phys. 9, no. 4, 603 (2005).
[7] N.J. Hitchin, J. Diff. Geom. 55 (2000) no.3, 547.
[8] N.J. Hitchin, math/0107101 [math-dg].
[9] E. Bianchi, Gen. Rel. Grav. 46 (2014) 1668.
[10] L. Smolin, Nucl. Phys. B 739 (2006) 169.
